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Abstract
We systematically derive the asymptotically flat five dimensional black rings
in EMd gravity by using the sigma model structure of the dimensionally reduced
field equations. New non-asymptotically flat EMd black ring solutions in five
dimensions are also constructed and their physical properties are analyzed.
1 Introduction
An interesting development in the black holes studies is the discovery of the black
ring solutions of the five dimensional Einstein equations by Emparan and Reall [1],
[2]. These are asymptotically flat solutions with an event horizon of topology S2 × S1
rather the much more familiar S3 topology. Since the Emparan and Reall’s discovery
many explicit examples of black ring solutions were found in various gravity theories
[3]-[13]. Elvang was able to apply Hassan-Sen transformation to the solution [2] to find
a charged black ring in the bosonic sector of the truncated heterotic string theory[3].
A supersymmetric black ring in five dimensional minimal supergravity was derived in
[4] and then generalized to the case of concentric rings in [5] and [6]. A static black
ring solution of the five dimensional Einstein-Maxwell gravity was found by Ida and
Uchida in [14]. In [15] Emparan derived ”dipole black rings” in Einstein-Maxwell-
dilaton (EMd) theory in five dimensions. Static and asymptotically flat black rings
solutions in five dimensional EMd gravity with arbitrary dilaton coupling parameter α
were presented in [16] without giving any derivation.
In this paper we systematically derive asymptotically flat EMd black ring solutions.
Moreover, we also derive new non-asymptotically flat EMd black ring solutions and
analyze their properties. Our motivation is the following. First, such solutions are
interesting in their own right. Second, despite of the discovery of the explicit examples
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of black EMd rings, the systematic construction of new higher dimensional solutions
in EMd gravity has not been accomplished in comparison with the four dimensional
case. In particular, solutions so far found are not so many.
In order to achieve our goals we first consider the D-dimensional EMd theory in
static spacetimes. After performing dimensional reduction along the timelike Killing
vector we show that the norm of the Killing vector and the electric potential parameter-
ize a GL(2, R)/SO(1, 1) sigma model coupled to (D−1)-dimensional euclidean gravity.
Then, we show that the GL(2, R) subgroup that preserves the asymptotic flatness is
SO(1, 1). Applying the SO(1, 1) transformation to the five dimensional static neutral
black ring solution we obtain the static EMd black rings. The non-asymptotically flat
EMd black rings can be obtained by acting on the neutral black rings with special
elements of SL(2, R) ⊂ GL(2, R).
2 General equations and solution construction
The EMd gravity in D-dimensional spacetimes is described by the action1
S =
1
16pi
∫
dDx
√−g
(
R− 2gµν∂µϕ∂νϕ− e−2αϕF µνFµν
)
. (1)
The field equations derived from the action are
Rµν = 2∂µϕ∂νϕ+ 2e
−2αϕ
[
FµρF
ρ
ν −
gµν
2(D − 2)FβρF
βρ
]
, (2)
∇µ∇µϕ = −α
2
e−2αϕFνρF
νρ, (3)
∇µ
[
e−2αϕF µν
]
= 0. (4)
We consider static spacetimes and denote the Killing vector by ξ (ξ = ∂
∂t
). The
metric of the static spacetime can be written in the form
ds2 = −e2Udt2 + e− 2UD−3hijdxidxj (5)
where U and hij are independent of the time coordinate t. The staticity of the
dilaton and electromagnetic fields imply
Lξϕ = 0, LξF = 0. (6)
Since LξF = diξF there exist locally an electromagnetic potential Φ such that
F = e−2Uξ ∧ dΦ. (7)
In terms of the potentials U , Φ, ϕ and (D − 1)-dimensional metric hij the field
equations become
1In what follows we consider theories with α 6= 0.
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DiDiU = 2D − 3
D − 2e
−2U−2αϕhijDiΦDjΦ, (8)
DiDiϕ = αe−2U−2αϕhijDiΦDjΦ, (9)
Di
(
e−2U−2αϕhijDjΦ
)
= 0, (10)
R(h)ij = D − 2
D − 3DiUDjU + 2DiϕDjϕ− 2e
−2αϕ−2UDiΦDjΦ, (11)
where Di and R(h)ij are the covariant derivative and the Ricci tensor with respect
to the metric hij . These equations can be derived from the action
S =
∫
d(D−1)x
√
h
[
R(h)− D − 2
D − 3h
ijDiUDjU − 2hijDiϕDjϕ+ 2e−2αϕ−2UhijDiΦDjΦ
]
.
(12)
Let us introduce the symmetric matrix
P = e(αD−1)Ue−(αD+1)ϕD

 e2U+2αDϕD − (1 + α2D)Φ2D −
√
1 + α2DΦD
−
√
1 + α2DΦD −1

 (13)
where
αD =
√
D − 2
2(D − 3)α, ϕD =
√√√√2(D − 3)
(D − 2) ϕ, ΦD =
√√√√2(D − 3)
(D − 2) Φ. (14)
Then the action can be written in the form
S =
∫
d(D−1)x
√
h
[
R(h)− 1
2(1 + α2D)
(D − 2)
(D − 3)h
ijSp
(
DiPDiP−1
)]
. (15)
The action is invariant under the symmetry transformations
P −→ GPGT (16)
where G ∈ GL(2, R). The matrix P parameterized a coset GL(2, R)/SO(1, 1)
where SO(1, 1) is the stationary subgroup (see below).
3 Asymptotically flat solutions
In this section we will restrict ourselves to asymptotically flat solutions with
U(∞) = 0, ϕ(∞) = 0, Φ(∞) = 0 (17)
which corresponds to
P (∞) = σ3 (18)
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where σ3 is the third Pauli matrix. The G(2, R) transformations which preserves
the asymptotics satisfy
Bσ3B
T = σ3. (19)
Therefore we conclude that B ∈ SO(1, 1). We parameterize the SO(1, 1) group in
the standard way
B =
(
cosh(γ) sinh(γ)
sinh(γ) cosh(γ)
)
. (20)
Let us consider a static asymptotically flat solution ofD-dimensional Einstein equa-
tions
ds20 = −e2U0dt2 + e−
2U0
D−3hijdx
idxj (21)
which is encoded into the matrix
P0 = e
(αD−1)U0
(
e2U0 0
0 −1
)
. (22)
and the metric hij . The SO(1, 1) transformations then generate a solution of the
D-dimensional EMd gravity given by the matrix
P = BP0B
T . (23)
and with the same metric hij.
In more explicit form we have
eU =
eU0[
cosh2(γ)− e2U0 sinh2(γ)
] 1
1+α2
D
, (24)
e−ϕD =
[
cosh2(γ)− e2U0 sinh2(γ)
] αD
1+α2
D , (25)
ΦD =
tanh(γ)√
1 + α2D
1− e2U0
1− e2U0 tanh2(γ) . (26)
Let us restrict the considerations to five dimensional spacetimes. One of the most
interesting solutions of the five dimensional Einstein equations is the black ring solution
given by the metric
ds20 = −
F (x)
F (y)
dt2 (27)
+
1
A2(x− y)2
[
F (x)(y2 − 1)dψ2 + F (x)F (y)
y2 − 1 dy
2 +
F 2(y)
1− x2dx
2 + F 2(y)
1− x2
F (x)
dφ2
]
where F (x) = 1 − µx, A > 0 and 0 < µ < 1. The coordinate x is in the range
−1 ≤ x ≤ 1 and the coordinate y is in the range y ≤ −1. The topology of the horizon
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is S2 × S1 parameterized by (x, φ) and ψ, respectively. In order to avoid a conical
singularity at y = −1 one must demand that the period of ψ satisfies ∆ψ = 2pi√1 + µ.
If one demands regularity at x = −1 the period of φ must be ∆φ = 2pi√1 + µ. In
this case the solution is asymptotically flat and the ring is sitting on the rim of disk
shaped membrane with a negative deficit angle. To enforce regularity at x = 1 one
must take ∆φ = 2pi
√
1− µ and the solution describes a black ring sitting on the rim of
disk shaped hole in an infinitely extended deficit membrane with positive deficit. More
detailed analysis of the black ring solution can be found in [1].
The SO(1, 1) transformations generate the following EMd solution
ds2 = −
[
cosh2(γ)− sinh2(γ)F (x)
F (y)
] −2
1+α2
5 F (x)
F (y)
dt2 (28)
+
[
cosh2(γ)− sinh2(γ)F (x)
F (y)
] 1
1+α2
5
A2(x− y)2
[
F (x)(y2 − 1)dψ2
+
F (x)F (y)
y2 − 1 dy
2 +
F 2(y)
1− x2dx
2 + F 2(y)
1− x2
F (x)
dφ2
]
,
e−ϕ5 =
[
cosh2(γ)− sinh2(γ)F (x)
F (y)
] α5
1+α2
5
, (29)
Φ5 =
tanh(γ)√
1 + α25
1− F (x)
F (y)
1− tanh2(γ)F (x)
F (y)
. (30)
This solution was presented first in [16] without derivation. Here we have systemati-
cally derived it from the symmetries of dimensionally reduced EMd equations. Detailed
analysis of the solution is given in [16]. Here we present only some basic results. The
physical properties naturally share many of the same features of the neutral black ring
solution, in particular, the horizon topology is S2 × S1. The area of the horizon is
Sh± = 8pi2 cosh
3
1+α2
5 (γ)
µ2
√
(1 + µ)(1± µ)
A3
(31)
where the sign ± corresponds to taking the conical singularity at x = ±1. The
solution is asymptotically flat and this can be seen by change of the coordinates
ρ1 =
(1 + µ)
√
y2 − 1
A(x− y) , ρ2 =
(1 + µ)
√
1− x2
A(x− y) , ψ˜ =
ψ√
1 + µ
, φ˜ =
φ√
1 + µ
. (32)
Defining ρ =
√
ρ21 + ρ
2
2 and taking the limit ρ→∞ we obtain
ds2 ∼ −dt2 + dρ21 + dρ21 + ρ21dψ˜2 + ρ22dφ˜2 (33)
i.e. the solution is asymptotically flat. Note, however, that if the conical singularity
lies at x = −1 the asymptotic metric is a deficit membrane. The mass is given by
5
M± =
3pi
4
µ
√
(1 + µ)(1± µ)
A2
(
1 +
2
1 + α25
sinh2(γ)
)
(34)
where the sing ± corresponds to the location of the conical singularity. The charge
is found to be
Q± = pi
√
3
1 + α25
sinh(γ) cosh(γ)
µ
√
(1 + µ)(1± µ)
A2
. (35)
The temperature can be found in the standard way by Eucledeanizing the metric:
T =
A
4piµ cosh
3
1+α2
5 (γ)
. (36)
A Smarr-type relation is also satisfied
M± =
3
8
TSh± + ΦhQ± (37)
where Φh is the electric potential evaluated at the horizon.
4 Non-asymptotically flat solutions
In order to generate non-asymptotically flat solutions we shall consider the matrix
N =
(
0 −a−1
a a
)
∈ SL(2, R) ⊂ GL(2, R). (38)
Then we obtain the following EMd solution presented by the matrix
P = NP0N
T (39)
i.e.
eU =
eU0
[a2(1− e2U0)]
1
1+α2
D
, (40)
e−ϕD =
[
a2(1− e2U0)
] αD
1+α2
D , (41)
ΦD = − a
−2√
1 + α2D
1
1− e2U0 . (42)
Applying this transformation to the neutral black ring solution (27) we obtain the
following EMd solution
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ds2 = −
[
a2
(
1− F (x)
F (y)
)] −2
1+α2
5 F (x)
F (y)
dt2 (43)
+
[
a2
(
1− F (x)
F (y)
)] 1
1+α2
5
A2(x− y)2
[
F (x)(y2 − 1)dψ2 + F (x)F (y)
y2 − 1 dy
2 +
F 2(y)
1− x2dx
2 + F 2(y)
1− x2
F (x)
dφ2
]
e−ϕ5 =
[
a2
(
1− F (x)
F (y)
)] α5
1+α2
5
, (44)
Φ5 = − a
−2√
1 + α25
1
1− F (x)
F (y)
. (45)
4.1 Analysis of the solution
From the explicit form of the solution it is clear that there is a horizon at y = −∞. In
the near-horizon limit the metric of the t− y plane is
ds2ty ≈ a
2
1+α2
5F (x)

− dt2
a
6
1+α2
5 µ|y|
+
µ
A2|y|3dy
2

 (46)
After performing a coordinate transformation y = − 4µ
A2Y 2
we obtain the metric
ds2ty ≈ a
2
1+α2
5F (x)

− A2Y 2
4a
6
1+α2
5 µ2
dt2 + dY 2

 (47)
which is conformal to that of the Rindler space with an acceleration parameter
ω = A
2µ
a
−3
1+α2
5 (note that F (x) > 0). Further, performing the coordinate transformation
X = Y cosh(ωt) and T = Y sinh(ωt) the metric becomes manifestly conformally flat
ds2ty ≈ a
2
1+α2
5F (x)
[
−dT 2 + dX2
]
. (48)
This shows that ty metric has a nonsingular horizon at y = −∞. It is clear that the
other terms can also be continuously extended and we obtain nonsingular near-horizon
geometry
ds2 ≈ a
2
1+α2
5F (x)
[
−dT 2 + dX2 + dψ
2
A2
]
+ a
2
1+α2
5
µ2
A2
[
dx2
1− x2 +
1− x2
F (x)
dφ2
]
. (49)
The constant-time slices through the horizon have metric
ds2h =
a
2
1+α2
5
A2
[
F (x)dψ2 + µ2
(
dx2
1− x2 +
1− x2
F (x)
dφ2
)]
. (50)
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Further, the analysis of the near-horizon geometry is quite similar to that for the
near-horizon geometry of the neutral black ring solution. As it is seen the both near-
horizon geometries are conformal with a constant conformal factor. In order for the
metric to be regular at x = −1 the period of φmust be ∆φ = 2pi√1 + µ. The regularity
at x = 1 requires ∆φ = 2pi
√
1− µ. Therefore, it is not possible for the metric to be
regular at both x = −1 and x = 1. The regularity at x = −1 means that there is a
conical singularity at x = 1 and vice versa. The deficit angle is
δ±1 = 2pi
(
1−
√
1± µ
1∓ µ
)
. (51)
The xφ part of the metric describes a two-dimensional surface with S2 topology
and with a conical singularity at one of the poles.
In order to analyze the yψ part of the metric in the limit y → −1, as in the neutral
case, we set y = − cosh(η/√1 + µ). We then find that the yψ part is conformal to
ds2yψ ≈ dη2 +
η2
1 + µ
dψ2. (52)
In order for the metric to be regular at η = 0 the coordinate ψ must be identified
with a period ∆ψ = 2pi
√
1 + µ.
The above analysis show that the topology of the horizon is S2 × S1. The area of
the horizon is
Sh± = 8pi2

a
1
1+α2
5
A


3
µ2
√
(1 + µ)(1± µ) (53)
where the sign ± corresponds to taking the conical singularity at x = ±1.
The asymptotic infinity corresponds to x = y = −1. One can show that near
x = y = −1 the solution behaves as
ds2 ≈ −
[
A2
2a2µ(1 + µ)
(ρ21 + ρ
2
2)
] 2
1+α2
5
dt2 (54)
+
[
A2
2a2µ(1 + µ)
(ρ21 + ρ
2
2)
] −1
1+α2
5
[
dρ21 + dρ
2
2 + ρ
2
1dψ˜
2 + ρ22dφ˜
2
]
,
e2αϕ =
[
A2
2a2µ(1 + µ)
(ρ21 + ρ
2
2)
] 2α25
1+α2
5
, (55)
Φ = −
√
3
2
√
1 + α25
[
A2
2a2µ(1 + µ)
(ρ21 + ρ
2
2)
]
. (56)
where the coordinates ρ1, ρ2, ψ˜ and φ˜ are defined in (32). It is clear that the
solution is not asymptotically flat.
In order to compute the mass of the non-asymptotically solution we need more
sophisticated techniques than in the asymptotically flat case. We use a naturally
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modified five dimensional version of the quasilocal formalism in four dimensions [17].
Here we will not discuss the quasilocal formalism but present the final result for the
mass:
M± =
α25
1 + α25
3piµ
√
(1 + µ)(1± µ)
4A2
. (57)
The electric charge is defined by
Q =
1
8pi
∫
∞
e−2αϕF µνdΣµν (58)
and we find
Q± = −
√
3pi√
1 + α25
a2µ
√
(1 + µ)(1± µ)
A2
. (59)
The temperature can be found in the standard way by Euclideanizing the near-
horizon metric (t = −iτ) and periodically identifying τ to avoid new conical singulari-
ties. After doing that we obtain
T =
A
4piµa
3
1+α2
5
. (60)
The electric potential is defined up to an arbitrary additive constant. In the
asymptotically flat case there is a preferred gauge in which Φ(∞) = 0. In the non-
asymptotically flat case the electric potential diverges at spacial infinity and there is no
preferred gauge. The arbitrary constant, however, can be fixed so that the Smarr-type
relation to be satisfied:
M± =
3
8
TSh± + ΦhQ±. (61)
5 Conclusion
In the present paper we considered D-dimensional EMd gravity in static space-
times. Performing dimensional reduction along the timelike Killing vector we obtain
GL(2, R)/SO(1, 1) sigma model coupled to (D−1)-dimensional euclidean gravity. Ap-
plying GL(2, R) transformations to the five dimensional neutral static black ring so-
lution we were able to find both asymptotically and non-asymptotically flat five di-
mensional dilatonic black rings. Non-asymptotically flat dilatonic black rings solutions
were analyzed. These solutions suffer from the presence of conical singularities as in the
case of the neutral static rings. In the neutral case the rotation removes the conical sin-
gularities. That is why we expect that the rotating non-asymptotically flat EMd black
rings will be free from conical singularities. The construction of non-asymptotically
flat EMd solutions with rotation is now in progress and the results will be presented
elsewhere.
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